Starting with the first-order singular Lagrangian describing the dynamical system with 2nd-class constraints, the noncommutative quantum mechanics on a curved space is investigated by the constraint star-product quantization formalism of the projection operator method. Imposing the additional constraints to eliminate the reduntant degrees of freedom, it is shown that the resultant noncommutative quantum system on the curved space is represented with two kinds of the constrained quantum systems, which are equivalent with each other. Then, it is shown that the resultant Hamiltonians contain the quantum corrections caused by the uncertainty relations among the constraint-operators in addition to those due to the projections of operators, which are missed in the usual approaches with the Dirac-bracket quantization formalism.
Introduction
The problem of the noncommutative extensions of the quantum systems constrained to a submanifold embedded in the higher-dimensional Euclidean space has been investigated widely investigated as one of the quantum theories on a curved space untill now [1, 2] . As the curved space, the submanifold M N −1 specified by G(x) = 0 (G(x) ∈ C ∞ ) in an N-dimensional Euclidean space R N has been considered in many studies, where x = (x 1 , · · · , x i , · · · , x N ) ∈ R N . Then, we have shown in the previous studies [2] that the projected constrained quantum systems contain the quantum corrections associated to the projections of operators through the constraint star-product quantization formalism of projection operator method(POM) [3, 4, 5, 6] .
As shown in our previous studies [3, 7, 8] , the POM satisfies the decomposition of unity formula for the associated canonically conjugate set (ACCS) of the constraint operators. From this formula, then, we will propose the ACCS-expansion formula in the POM.
In this paper, we will construct exactly the noncommutative quantum system on a curved space in the general form. Then, it will be shown that the commutatoralgebras and the Hamiltomians in the resultant constraint quantum systems contain the quantum corrections associated to the uncertainty relations among the constraint-operators in addition to those due to the projections of operators, which are missed in the usual approaches with the Dirac-bracket quantization formalism.
The present paper is qrganized as follows. In Sect.2, we propose the brief review of the constraint star-product quantization formalism of the POM and the ACCSexpansion formulas. In Sect.3, we set up the initial unconstraint quantum system, and the consistent-set of constraint-operators and the Lagrange multiplier operators are fixed. Imposing the additional constraints, in Sect.4, the resultant noncommutative quantum systems on the curved space are constructed in the exact form, and the quantum corrections in these resultant systems are investigated. In Sect.5, the discussion and the some concluding remarks are given.
ACCS-Expansion of Constraint System
Following the previous works [2] , we here present the brief review of the constraint star-product quantization formalism and the ACCS-expansion formulas in quantum constraint systems.
Star-product quantization
Let S = (C, A(C), H(C), K) be the initial unconstraint quantum system, where C = {(q i , p i ); i = 1, · · · , N} is a set of canonically conjugate operators (CCS), A(C), the commutator algebra of C defined with
and H(C) is the Hamiltonian of the initial unconstraint system, K = {T α (C)|α = 1, · · · , 2M < 2N}, the set of the constraint-operators T α (C) corresponding to the second-class constraints T α ≈ 0. Starting with S, our task is to construct the constraint quantum system
For this purpose, we first construct the associated canonically conjugate set (ACCS) from K and the projection operatorP, which is defined as the hyper-operator, to eliminate T α (α = 1, · · · , 2M). Then, C * is defind by C * =PC.
Let {(ξ a , π a )|a = 1, · · · , M} be the ACCS, and their symplectic forms be
which obey the commutator algebra
where J αβ is the 2N × 2N symplectic matrix. We next define the symplectic hyper-operatorsẐ
Then, the projection operatorP is defined bŷ
which satisfies the projection conditionŝ
and the following formulas for the decomposion of unity:
whereÎ = 1 is the unity hyper-operator.
The hyper-operatorΩ ηζ in the constraint star-product quantization formalism is defined byΩ
with the nonlocal representations for the operations of hyper-operators, which satisfiesΩ
and two-kinds of star-product are defined as follows:
and
Using the ⋆ andP⋆-products, the commutator-formulas and the symmetrized product-ones under the operation ofP are expressed as follows:
(2.14b)
ACCS-expansion of operators
From the formula (2.9), any operator O(C) is represented in the following form ‡ :
where
In the decomposition of O(C), Eq.(2.15a), the projected partPO(C) contains the quantum correction terms caused by the operator ordering, and the ACCSexpansion part O ′ (Z, C) products the other type of quantum corrections associated to the uncertainty relations for the ACCS
From the decomposition (2.15a), the initial Hilbert space H is defined as follows:
where H * is the subspace with the CCS C * , and H c , that with the ACCS {Z α |α = 1, · · · , 2M}. Then, the hyper-operatorP is defined bŷ
with Φ ∈ H c , which satisfies the following formulas:
Using the hyper-operatorÎ andP, O(C) is projected out into the constraint subspace H * in the following form:
and, Φ is one of the several relevant states to minimize the uncertainty relations among Z's. As such a state, we shall take the ground state of the coherent states with respect to the ACCS {(ξ, π)}, which is denoted with Φ c , and is defined by
in the Schrödinger representation. Using (2.21), the fundamental expectation values for ACCS with respect to Φ c become as follows:
(2.24)
3 Initial Hamiltonian System S Let Θ be the totally antisymmetric tensor defined by
with the constant noncommutative-parameter θ and the completely antisymmetric tensor
, we shall consider the dynamical system described by the first-order singular Lagrangian [2] 
† † , and h 0 (x, v) corresponds to the Hamiltonian of free particles,
Then, the initial unconstraint quantum system S = (C, A(C), H(C), K) is constructed as follows:
which obeys the commutator algebra A(C):
where φ (n) , (n = 1, · · · , 3) are the constraint operators corresponding to the primary constraints together with φ 
iii) Consistent set of constraints and the Lagrange multiplier operators
Through the consistency conditions for the time evolusions of constraint operators, the consistent set of constraints, K, is set up as follows:
where φ (n) (n = 1, · · · , 4) are the constraint operators corresponding to the primary constraints and ψ
(1) , one corresponding to the secondary constraint. Then, the Lagrange multiplier operators, µ
which satisfies µ
The consistent set K obeys the commutator algebra A(K):
Thus, we have constructed the initial unconstraint quamtum system S.
Sequential Projections for K
Starting with the initial quantum system S, we shall construct the constraint quantum system S * strictly satisfying K = 0 through the ACCS-expansion formulation in the star-produt quantization formalism with POM.
Classification of K and Sequential projections
From the structure of the commutator algebra (3.11), we shall classify K into the following three subsets:
(4.1) Taking account of the commutator algebra (3.11), then, the sequential projections of S can be uniquely carried out through the following projection-diagram:
Construction of S (1)
Using the POM and the ACCS-expansion formulation, we shall provide S (1) with the precise form.
ACCS for K (A)
From the commutator algebra A(K), (3.11), the ACCS for K (A) is defined as
operates on C in the following way:
Projection operatorP
(1) and the projected CCS C
Let the projection operator for
), which satisfies the projection conditions :P
Then, the projected CCS C (1) is defined by
which satisfies the commutator-algebra A(C (1) ):
The remaining constraints K (B) and K (C) are projected on to C (1) as follows:
Thus,
Projected Hamiltonian H
(1)
From the formula (2.24), H (1) is constructed as follows:
The explicit forms of
Then, H (1) is represented in the following form:
12a) where
kl (x).
(4.12b)
Thus, we have constructed the projected quantum system S (1) :
Following the projection diagram (4.2a), we shall construct S (2) , where
From the commutator algebra A(K (B) ) in (4.9), the ACCS is given by
α operates on C (1) as follows:
where (2) and the projected CCS C (2) Let the projection operator for
Projection operatorP
), which satisfies the projection conditions for K (B) :
which obeys the commutator-algebra A(P (2) C (1) ):
(the others) = 0. Through (4.18) and (4.19), thus, the projected CCS C (2) is defined as
which obeys the commutator algebra A(C (2) ): From (4.15), the remaining constraints φ (4) i (i = 1, · · · , N) (∈ K (C) ) are projected on to C (2) in the following way:
i , φ (4) j ] = ihΘ ij . (4.23)
Projected Hamiltonian H (2)
With the similar procedure in S (1) , H (2) is obtained in the following way:
Since H (1) is rewritten as
is the quantum correction due to the projection of {v i , v j }:
the explisit form of which is presented in Appendix B.
iii) Projected Hamiltonian H
From (4.26a) and (4.27), the projected Hamiltonian H (2) is represented in the following form:
kl (x)P lj (x), {p
28a) where I (x) is the quantum correction due to the operator re-ordering in 1 2 {M
I (x) =h
and U
II (x), the quanum correction associated to the ACCS expansion withP (2) : Thus, we have constructed
Construction of S (3)
In order to eliminate the remaining constraint-set K (C) , we shall impose the additional constraints, which produce the noncommutativity for the CCS C (2) . For this purpose, here, we shall prepare the following quantities:
(4.30)
Additional Constraints
Following our previous works [2] , we shall impose the additional constraints ψ
and therefore, the constraint-set on C (2) is defined as
[φ (4) i , φ
Then, the ACCS associated with K (C * ) and the hyper-operatorQ (3) ηζ are defined, respectively, as follows:
(4.34b)
The projected CCS C (3)
The projected CCS C (3) is obtained as follows [2] :
(4.35b) whereP (3) is the projection operator for K (C * ) , which satisfieŝ
and, for any operator O(x), O(x) * =P (3) O(x). Then, the commutator algebra A(C (3) ) is given by
(4.36)
Projected Hamiltonian H (3)
As well as in S (1) and S (2) , the projected Hamiltonian
is obtained in the following way:
For the simplicity, here, we shall express H (2) with
I (x) + U
II (x).
(4.38b)
The projected termP (3) H (2) is obtained in the following way § :
which is the quantum correction associated to the projedtion of 1 2 {M
The ACCS-expansion termQ
is obtained as follows:
Through the tedious calculations,
j }} is obtained in the following way:
Q (x), (4.43) where
From (4.37a), (4.39) and (4.43), consequently, the projected Hamiltonian H (3) is given in the following way:
Q (x)
II (x) + U
Q (x),
Through the sequential projections for K, thus, we have obtained the final projected system
where S (3) contains the quantum corrections associated to the constraints K = 0, which have never appeared in the previous approaches.
Constraint Quantum System S *
Taking account of the projection conditions (4.35b) and the commutator algebra A(C (3) ), (4.36), in S (3) , two kinds of constraint quantum system are defined for S * , which we shall denote with S * I and S * II , respectively. Here,
with
48b) which obeys the commutator algebra A(C * I ):
(4.49) Then, the resultant Hamiltonian H * I becomes as follows: 
where,
of which the commutator algebra A(C * II ) is defined by
From the projection conditions (4.52b), the resultant Hamiltonian H * II is obtained in the following way:
Q (x), (4.54a)
where 
Discussion and Concluding remarks
In order to construct the noncommutative quantum system on the curved space exactly, we have proposed the Lagrangian L = L(x,ẋ, v,v, λ,λ, u,u), (3.2a), with the dynamical constraint, which has been obtained by modifying the first-order singular Lagrangians in noncommutative quantum theories.
Starting with the Lagrangian L, we have constructed the noncommutative quantum system S * = (C * , H * ) constrained to any curved space M N −1 in R N strictly, through the sequential projections of the system with the ACCS-expansion formalism.
Then, we have shown that the resultant system S * is defined with the two kinds of the constrained quantum systems, S * (n ≥ 1), which are completely missed in the usual approach with the Dirac-bracket quantization [9, 10] .
We have thus constructed the noncommutative quantum systems on a curved space in the exact form. 
B.1Q
ij (x) = δ ij , V ij (x) = −2µ (2) j;ik (x)ν k (x) − µ 
